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A Problem of McMullen on the Projective Equivalences of Polytopes 
RAUL CORDOVIL AND ILDA P. SILVA 
We give a version for oriented matroids of the following problem of McMullen: 'Determine 
the largest number a(d) such that a(d) points, lying in general position in !Rd, may be mapped 
by a permissible projective transformation onto the set of vertices of a convex polytope'. 
We prove the following theorem: 'For every orientation {J of the uniform matroid U2'-I" with 
r;a.3, there is an acyclic reorientation ,,{J, such that all points are extreme points'. 
In the particular case where (U2'-1 " (J) is the oriented matroid of affine dependencies of 2r-1 
points in general position in IR'-I w'e obtain the inequality of Larman a(r-I);a.2r-1, for the 
above problem of McMullen. 
1. INTRODUCTION 
Brylawski [2], Las Vergnas [11] and Zaslavsky [14], proved that matroids arise naturally 
in the combinatorial theory of convexity. As pointed out by McMullen in [13], oriented 
matroids provide an appropriate abstract context for diagram theory. In the present paper 
we state some results showing how some tools of diagram theory, such as the Gale 
transform and projective transformations, have a natural generalization to oriented 
matroids (see Theorems 1.1 and 1.2). These results enable us, in Section 2, to state a 
version for oriented matroids emphasizing the purely combinatorial character of a problem 
of McMullen (see P.1 in Section 2). With a straightforward proof we obtain a theorem 
which generalizes to oriented matroids a result of Larman on the above problem of 
McMullen (see Theorem 2.2). 
The reader is referred to [1,8] for basic properties of oriented matroids and to [11] 
for results related to convexity in matroids. For definitions as well as for basic properties 
of convex polytopes see [9, 12] Las Vergnas' notation [1, 11] is followed with minor 
changes. We denote by (M(E), tt) an oriented matroid over a (finite) set E. In [11] Las 
Vergnas generalizes to oriented matroids classical notions of convexity theory such as 
faces of convex polytopes, convex hull etc .... Particularly important are acyclic oriented 
matroids or matroid polytopes where the structure of the set of faces has properties 
generalizing those of convex polytopes [4, 6, 11]. If E is a finite set of!R d we can naturally 
associate to E two oriented matroids, which we denote by (see [1]): 
Lin(E) or (MLin(E), tt)-oriented matroid of linear dependencies of E over !R; 
Aff(E) or (MAfI(E), tt)-oriented matroid of affine dependencies of E over R 
Given an oriented matroid (M(E), tt) we denote by (M.L(E), tt.L) or (M(E), tt).L its 
orthogonal and by "tt [resp. (M(E), "tt)] the reorientation of tt [resp. (M(E), tt)] by 
reversing signs on a subset A of E (see [1]). 
The results that follow relate usual techniques of diagram theory with usual techniques 
of oriented matroid theory. 
THEOREM 1.1 (Under disguised form in [13], Theorem 8A3). Let E = {ele2, ... , en} 
be a set of n points in !R d, and suppose E = {eh e2, ... , en} is a Gale transform of E. Then 
Aff(E).L = Lin(E) where the correspondence is given by the map x~.i. 
The theorem below generalizes the geometrical description of the sign reversal operation 
for a single point given in [4]. 
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THEOREM 1.2. Let E be a finite set in !Rd. Then there is an acyclic reorientation 
(M Aff( E), Ai}) of Aff( E) by reversing signs on A ~ E iff there is a nonsingular projective 
transformation, permissible for E, T: !Rd ~!Rd such that (MAff(E), Ai}) = Aff( T(E», where 
the correspondence is given by the map x~ T(x). 
The proof is an easy consequence of the following result implict in [11]: 
THEOREM 1.3 (Separation theorem). Let E be a finite set of !Rd. Then the following 
statements are equivalent: 
1.3.1. (MAff(E), Ai}) is an acyclic reorientation of Aff(E); 
1.3.2. ConvM,(A) n ConvM,«E - A) u {p}) =0 where ConvM'(X) denotes the convex hull 
of X in every acyclic oriented single element extension (M'(E u {p}), i}') of Aff(E). 
1.3.3. Conv(A) n Conv(E - A) = 0 where Conv(X) denotes the convex hull of X in !Rd ; 
1.3.4. There is a hyperplane H in !Rd separating A strictly from E - A. 
PROOF OF THEOREM 1.3. 
1.3.1~ 1.3.2 is consequence of the definitions [see [5], Theoreme de la separation, 2)~3)]. 
1.3.2~ 1.3.3 is clear. 
1.3.3~ 1.3.4 is a discrete case of the Hahn-Banach theorem (see [7] for an elementary 
proof). 
1.3.4~ 1.3.1 Let E' be a finite set of points spanning H. Then (X+ = A, X- = B) is a 
signed co circuit of Aff( E u E') and by the orthogonality property (M Aff( E), Ai}) is an 
acyclic oriented matroid. Indeed if (X+, X-) is a signed circuit of Aff(E) such that 
X+ ~ A, X- ~ B, then as (X+, X-) is also a signed circuit of Aff(E u E') the orthogonality 
property is violated. 
PROOF OF THEOREM 1.2. By the hypothesis the bijection T: E ~ T(E) is an isomorph-
ism of the unoriented matroids MAff(E) and MAff(T(E». Indeed suppose T(x) = 
(Bx+b)/«c,x)+8). If X is a dependent set of MAIlE) then there are real numbers Aj , 
1 ~ i~ lxi, not all zero such that Lex AjXj = 0 and L Ai = O. Let A; = Ai «c, xi )+ 8). Then 
Ii A; T( Xi) = 0, LA; = 0 and T( X) is a dependent set of the matroid M Aff( T( E». As the 
converse is true we have MAff(E) = MAff(T(E». If A={x: XEE and (c,x)+8>0} it is 
clear that 
(1.2.1) 
holds. 
(MAff(E), Ai}) = Aff(T(E» 
The converse part of the theorem is a consequence of the Separation Theorem. Let 
H = {x: (c, x)+ 8 = 0,8;r6 O} be a hyperplane which separates A strictly from E - A. Let 
T:!Rd ~!Rd be the nonsingular projective transformation permissible for E defined by 
T(x) = x/«c, x)+ 8). Then by the preceding results the isomorphism 1.2.1 holds. 
2. ON A PROBLEM OF McMULLEN 
Consider the following problem of McMullen [10]: 
P.1 Determine the largest number a(d) such that any set of a(d) points lying in general 
position in !Rd can be mapped, by a permissible projective transformation, onto the vertices 
of a convex polytope. 
In [10] Larman proves that 2d + 1 ~ a(d) ~ (d + 1)2 for d "'" 2, that a(d) = 2d + 1 for 
d = 2, 3 and conjectures a( d) = 2d + 1 for all dimensions d "'" 2. In this section we give a 
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matroidal generalization of problem P.1 and we prove a theorem (see Theorem 2.1 below) 
from which the inequality of Larman a( d) ~ 2d + 1 is a consequence. We start by remarking 
thai using Theorem 1.2, problem P.1 can be reformulated in matroidallanguage as: 
P.1 Determine the largest number a(d) such that for every finite set E of a(d) points 
lying in general position in IRd there is an acyclic reorientation (MAfI(E),xit) of Aff(E) 
where all the a( d) points of the set E are extreme points. 
This suggests, since the unoriented matroid of a set E of points in general position 
spanning IRd is a uniform matroid of rank d + 1 on the set E, the following generalization 
P'.l of P.1: 
P'.l Determine the largest number a' (r) such that for any orientation it of the uniform 
matroid or rank r on a set of a'(r) elements Ua'(r),n there is an acyclic reorientation xit of 
it where all the a'(r) points are extreme points. 
Or in the dual version: 
P.2 Determine the smallest number I-' (r) such that for any orientation it of the uniform 
matroid of rank r on a set of I-'(r) elements U,...(r),,, there is a reorientation xit\{x} has a 
positive circuit. 
Using Theorem 1.1 it is clear that P.2 is the matroidal generalization of the dual version 
of the problem of McMullen referred to in [10]. 
The following proposition generalizes a similar result of Larman [10] and its proof is 
left to the reader. 
PROPOSITION 2.1. 
2.1.1. a'(r) = max{n: n ~ I-'(n - rH 
2.1.2. I-'(r) = min{n: n",; a'(n - rH. 
Now we shall prove that a'(r) ~ 2r -1 for r ~ 3 which implies the inequality of Larman 
a(d)~2d+1 for d~2. 
THEOREM 2.2. For every orientation it of the uniform matroid U2r - I ,r with r ~ 3 there 
is an acyclic reorientation x it such that all 2r -1 points are extreme points. 
PROOF. Let it' be an orientation of U2r- I ,r> r ~ 3. We shall prove the following two 
statements that obviously imply Theorem 2.2. 
2.2.1. If there is an acyclic reorientation it with n, n",; 2r - 3, extreme points then there 
is also an acyclic reorientation with 2r -1 extreme points. 
2.2.2. The case when every acyclic reorientation of it' has 2r - 2 extreme points is not 
possible. 
We prove (2.2.1). Suppose that it is acyclic with n, n"'; 2r - 3, extreme points. Let H 
be a facet of it. As H is a free matroid every subset X of H is a face of it of rank Ixi. 
Then there are n', n'",; r-2, extreme points which do not lie in Hand r-1 faces of it 
of rank r - 2 lying in H. As each face of it of rank r - 2 is contained in exactly two facets 
of it there is an extreme point x which does not lie in H and two facets HI> H2 such 
that x E HI n H2 and HI n H [resp. H2 n H] is a face of rank r - 2 of it. Let {Xl} = HI - H 2, 
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{x2} = H2 - HI and H' be the hyperplane U2r- l •r - {H v {xH. Suppose first that the hyper-
plane H' separates x from XI> x2 : i.e. there is a signed cocircuit X in -& with support 
H v {x} such that Xt. X 2 E X+, X E X -. Then {X-} -& is an acyclic orientation where all 
points are extreme points. Indeed the points of H' are extreme points because H' is a 
face of {X - } -&. By the assumptions X- ~ HI n Hz = H - {xt. X2} v {x} and then HI and H2 
are also facets of {X-}-& and all points of U2r- l •r are extreme points. 
Suppose x E X- and XI E X- or X2 E X-. Then {x+}-& is an acyclic reorientation where 
all points are extreme points. Indee'd the hyperplanes Hand H' are facets of {x+} -& and 
as by hypothesis X+ ~ HI or X+ ~ Hz, x is also an extreme point of {x+} -& and then all 
points are extreme points. 
We now prove (2.2.2). Suppose it does not hold and let Pi = * {A: A-& is an acyclic 
orientation with i extreme points}. By a result of M. Las Vergnas (see [11], Theorem 3.1) 
I Pi = t( UZr-I,r; 2, 0) where t( UZr- I,,; x, y) denotes the Tutte polynomial of UZ,-I". It is 
not difficult to prove the equality (see [3] for a short proof): 
t( Un,,; 2, 0) = 2 i=fl (n ~ 1). 
i=O I 
If (M(E), -&) is an oriented matroid then the number of subsets A of E such that A-& is 
acyclic and a flat X is a face of A -& is 
t(M(X); 2,0) . t(Mj X; 2, 0) 
(see [4], Section 4). Then L ipi=(2r-1)x2' t(U2r- 2,r-I;2,0)=(2r-1)' 2· 2Z,-3. As by 
hypothesis we have also L ipi=(2r-2)(LPi), we have 
and hence 
(2r - 2) ( 22,-2+ C: -=-12) ) = (2r -1) . 22,-z 
(2r _ 2) (2r - 2) = 22r-Z. 
r-1 
But this last equality is clearly not true because r ~ 3 and 
max (2r~2) = (2r-2). 
I I r-1 
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